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Abstract: The aim of this study is to determine the representation preferences (numerical, area model,
number line and verbal) of the sixth-year students for the addition and subtraction of fractions and to
reveal their successes in their preferences. Being descriptive in nature, this research has been conducted
as a survey study. The study group consists of 59 students, 31 of whom are boys and 28 of whom are
girls, who are in the sixth grade of three middle schools affiliated to MoNE in the city of Kastamonu. A
purposeful sampling selection method was used to select participants. The data were collected by "
Multiple Representations in Fraction Operations Test " and analyzed in accordance with predefined
transition criteria. Representation preferences of students and interpretations of their success in their
preferences were presented through descriptive statistics (percentage and frequency). While area model
representations take the first place in preferences, verbal representations are the least preferred type of
representation. When students’ performances in the representations are examined, the most successful
representations of students in addition and subtraction of fractions are numerical and area model
representations. On the other hand, it has been seen that the achievement status of students in the verbal
and numerical representation types is considerably low.

Keywords: Multiple representations, adding and subtracting fractions, middle school mathematics
education, representation preferences.

0z: Bu ¢alismanin amaci altinc1 simif égrencilerinin kesirlerde toplama cikarma islemine yénelik temsil
(sayisal, alan modeli, say1 dogrusu ve sozel) tercihlerini belirlemek ve kendi tercihlerindeki basari
durumlarini ortaya koymaktir. Betimleyici dogaya sahip olan bu g¢alisma tarama c¢alismasi olarak
yuritilmiistir. Calisma grubu Kastamonu sehrinde MEB'e bagl ii¢ ortaokulun altinci sinifinda olan 31'i
erkek ve 28'i kiz olmak iizere 59 6grenciden olusmaktadir. Katilimcilar1 secmek i¢cin amagh érnekleme
se¢im yontemi kullanilmistir. Veriler "Kesir islemlerinde Coklu Temsiller Testi" ile toplanmis ve 6nceden
tanimlanmis temsiller arasi gecis kriterlerine gore analiz edilmistir. Ogrencilerin temsil tercihleri ve
tercihlerindeki basarilarinin yorumlanmasi betimsel istatistikler (ylizde ve frekans) ile sunulmustur. Alan
modeli temsilleri tercihlerde ilk sirada yer alirken, sozel temsiller en az tercih edilen temsil tipidir.
Ogrencilerin temsillere ait performanslar1 incelendiginde, 6grencilerin kesirlerde toplama ve ¢ikarma
islemlerinde en basarili olduklar temsil tiirleri sayisal ve alan model temsillerdir. Ote yandan,
ogrencilerin s6zel ve sayisal temsil tiirlerindeki basari durumlarinin oldukga diisiik oldugu gérilmiistiir.

Anahtar Sézciikler: Coklu temsiller, kesirlerde toplama ve ¢ikarma, ortaokul matematik egitimi, temsil
tercihleri.

1 This study has been produced from the master’s thesis referenced as “Kara, F. (2017). An investigation of sixth
grade students’ skills of using multiple representations in addition and subtraction of fractions. Unpublished master’s
thesis, Kastamonu University, Graduate School of Science.”
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INTRODUCTION

Educational programs aim at educating individuals who can cope with everyday life
problems with their questioning, suspicious and different viewpoints and can adapt to changing
living conditions. With the statement "Ability to express concepts with different types of
representation” (p.II) among general objectives of mathematics education in the curriculum of
secondary school mathematics course (Ministry of National Education [MoNE], 2013), the
phrase "expression with multiple representations” was included in general objectives for the
first time, underlining the development of students' skills in transition between different
representations.

In the literature, there are different definitions of the concept of representation
(Ainsworth, 2006; Ainsworth, Bibby, & Wood, 1997; 2002; diSessa & Sherin, 2000; Eisner, 1997;
English,1997; Goldin, 1998; Hatfield, Edwards & Bitter, 1993; Janvier, 1987; Kaput, 1994;
Padalkar & Hegarty, 2015; Zacharia & Olympiou, 2011). Kaput (1989) considers the
representations as a model and defines them as a bridge established between abstract concepts
and everyday life by means of concretization. The concept of representation is also included
among the general aims of the recently released Turkish mathematics teaching program so as
that students are expected to be able to express concepts in different forms of the
representations (MEB, 2018, p. 5). In the report published in 2000, NCTM used a separate
section to highlight the use of multiple representations in teaching. Also the report emphasizes
that field teaching knowledge, subject area knowledge and affective characteristics of teachers
may be effective in the learning environment through multiple representations (NCTM, 2000).

Mathematics education literature provides two interrelated categories for
representations: External representations and internal representations (Goldin, 1998; Goldin &
Kaput, 1996). External representations are defined as “acts stimuli on the senses or
embodiments of ideas and concepts” (Janvier, Girardon & Morand, 1993, p. 81) and refer to the
physically embodied, observable configurations such as words, pictures, graphs, tables, and
equations (Goldin & Kaput, 1996). On the other hand, internal representations are regarded as
“cognitive or mental models, schemas, concepts, conceptions, and mental objects” which are
illusive and not directly observed” (Janvier et al, 1993, p.81). Lesh, Post and Behr (1987)
proposed a representation model for learning mathematics and solving problems. The model
consisted of five types of representations: (i) pictures (illustartions), (ii) written symbols (or
numericals), (iii) oral language; (iv) real-world situations (including problem posing) and (v)
manipulative models. In this model, not only these five representation modes but also the
translations within and among representations are important to develop learners’
conceptualizations because this model proposes that if a student understands a mathematical
concept, s/he is able to make translations between the types of representations of that concept.

Studies suggest that the presentation of information in different forms supports the
realization of meaningful learning (Ainsworth, 1999; Akkog, 2005, 2006; Ozgiil & Incikabi, 2017;
Incikabi, Biber, Takicak, & Bayam, 2015; Van Der Meij, 2007). Information can be transferred
better with appropriate representations. Therefore, it is a necessity to enrich these contents
with different representations in order to prepare a complete learning environment in which
various information is involved.

The use of multiple representations plays an important role in conceptual understanding
of fractions and fraction operations, learning advanced mathematical subjects such as algebra
and bringing in the problem-solving skills (Ulusoy & Incikabi, 2019; Misquitta, 2011; Tirosh,
2000). Fractions are among the mathematical topics in which students experience difficulty. It
was found that the misconceptions that secondary school students encounter in fractions
include the topics related to part-whole relationship, division of mating parts, comparison of
fractions, determination of unit and fraction operations (Alacaci, 2010). The difficulty that
children display regarding the arithmetical learning of fractions has long been recognised
(Charalambous & Pantazi, 2005; Dogan & Yeniterzi, 2011; Isik, 2011; Isiksal, 2006; Kii¢iik &
Demir, 2009; Zembat, 2007). Many of the difficulties stem from the fact that children apply their
knowledge of whole numbers to the arithmetic of fractions (e.g., Gelman & Meck, 1992; Kerslake,
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1986; Lamon, 1999; Pitkethly & Hunting, 1996; Sophian, Garyantes & Chang, 1997; Streefland,
1991). Furthermore, traditional teaching tends to value the use of symbols, which can often be
an obstacle to the comprehension of logic subjacent to algorithmic actions in adding and
subtracting with fractions (e.g., Bezerra, Magina & Spinillo, 2002).

In order to overcome misconceptions that students have in fractions, teachers are
required to use different representations of fractions (including area models, set models,
number line, verbal statements, and symbolic and numeric models) (Bezerra et al., 2002).
Students who have internalized representations have been found to be more successful in
understanding fractions and performing operations on fractions (Charalambous & Pantazi,
2005). On the other hand, students’ internalization of a concept is to be depended on teachers’
creation of an appropriate learning environment. Teachers’ preferences for teaching affect their
students’™ preferences for learning and their skills in mathematics. In order to overcome
obstacles standing for students’ learning of fraction addition and subtraction, teachers should
use multiple representations for fraction operations. Students™ preferences for the fraction
operation would also be a reflection of their learning experiences in classroom.

Upon consideration of above statements, this study aims to determine the representation
preferences of sixth grade students in terms of the addition and subtraction of fractions and to
reveal their successes at their preferences. In line with this purpose, the research problem is as
follow:

What are the preferences of sixth grade students in numerical, area model, verbal and
number line representations in addition and subtraction operations of fractions and what is
their success in their preferences?

METHOD

Being descriptive in nature, the current study has been conducted as survey study, which
includes collection of data in order to determine some characteristics of a sample (Fraenkel,
Wallen, & Hyun, 1993).

Study Group

The study group of the research is the sixth grade students of three middle schools in the
Kastamonu province center. Purposeful sampling was used for sample selection. Classes in
which gains regarding addition operation in fractions were taken into account, and in this
context, sixth grade students participated in the study. In determining the schools to be worked
with, the provincial general achievement average was taken into account and three schools with
average level of achievement were included in the study. Initially, a total of 73 students,
including 38 males and 35 females, participated in the research. However, as a result of the
evaluation of application, it was determined that 14 students did not provide any answer to the
questions at all and they were excluded from the study. Finally, the study participants consisted
of 59 students, including 31 males and 28 females.

Data Collection and Data Analysis Processes
At the beginning, students were completed the "Multiple Representations in Fraction
Operations Test" (MRFOT) and then, their representation preferences for fraction operations
were sought by analyzing their responses to the question: “Among the representations that you
operate in fractions, which one do you prefer at most?”
Data Collection Tools
The only data collection tool was the "Multiple Representations in Fraction Operations

Test" was used (Appendix 1). In order to construct the test, firstly the achievements related to
the subject were examined. In accordance with the number of achievements and the course load,
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a trial test was prepared with 30 test items consisting of 8 main questions and sub-questions. In
order to determine the validity and reliability of the test, three expert opinions were taken from
the mathematics education field. In terms of scope coverage, the experts indicate whether each
test item is eligible by marking the "Suitable" or "Not Suitable" options according to their
intelligibility, quality and level criteria.

In order to determine the validity and reliability of the 30-question trial test, the pre-test
was conducted on 59 students in two middle schools in Kastamonu province center. According
to the results of the application, item difficulty index and item discrimination index were
calculated for each question (Table 1). Each correct solution received one point while the items
responded wrong or without response evaluated as zero point. According to the item difficulty
and discrimination analysis, it was found that the items with the item discrimination index
between -1 and 0 were removed from the test, the items between 0 and 0.30 were corrected and
the items higher than 0.30 were used directly in the test (Biiyiikoztiirk, 2001).

Table 1. Results of multiple representation test item analysis in addition and subtraction operations in
fractions

Item Difficulty Distinctive Item Difficulty Distinctive
No ness No ness
. 075 0,49 16 0,51 075
5 0,81 0,49 17 0,58 0,72
3 0,25 0,78 18 0,29 0,76
4 0,32 0,54 19 0,22 0,69
. 0,69 0,49 20 0,66 0,64
. 0,31 0,83 1 0,37 0,85
; 0,63 0,62 - 0,56 0,65
8 0,34 0,56 23 0,24 0,74
9 0,25 0,63 24 0,27 0,70
10 0,64 0,70 . 0,49 0,82
» 0,61 0,69 26 0,47 0,81
1 0,27 0,75 27 0,22 0,74
13 0,36 0,81 28 0,27 0,74
14 0,73 0,47 29 0,44 0,85
15 0,76 0,53 30 0,39 0,78

The KR-20 reliability coefficient of this test was calculated as 0.96. As a result, "Multiple
Representations in Fraction Operations Test" prepared in line with item analysis and expert
opinions was used as data collection tool (See Appendix A). The final state of the test consists a
total of 30 open ended questions (8 main questions and their sub-questions requiring to transit
to the other forms of representations). The distribution of the questions in the test is given in
Table 2.

Table 2. Multiple representations in fraction operations test question distributions

The type of representation in the Question number Type of representation required
problem Addition Subtraction to pass
1 5 Area model
la 5a Numerical
Area model 1b 5b Number line
1c 5c Verbal
Numerical 2 6 Numerical
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2a 6a Number line

2b 6b Area model
2c 6c Verbal
3 7 Number line
) 3a 7a Numerical
Number line 3b 7b Area model
3c 7c Verbal
4a 8a Number line
Verbal 4b 8b Area model
4c 8c Numerical

Picture 1 shows the item 1 and sub-questions 1a, 1b, and 1c. The main question (#1)
requires from students to compute fraction addition on area model form. Then sub questions
ask them to transit from area model to numerical form (1a), to number line (1b) and to verbal
form (1c).

1. Perform the operation given below and answer the questions a, b, c accordingly.

+

a) Perform this operation using numerals.
b) Perform this operation on the number line.
c) Pose a problem related to this operation.

PICTURE 1. Sample question
Coding Processes

Two researchers who worked independently were involved in the data coding process.
One of the coders is a researcher of this study, and the other is an academician with expertise in
mathematics education. As a result of the first coding, the agreement percentage (reliability
coefficient) between coders was calculated as 88.7% according to the Miles and Huberman's
(1994) formula. The researchers came together and discussed the materials causing the conflict
and reached an agreement on each item.

Data Analysis

Interpretations related to representation preferences of students and their success in
preferences in line with the data obtained from coding processes are provided using descriptive
statistics (percentage and frequency). Then, the success of students in the representations they
preferred were identified by their successes in transitions from their preferred representations
to other representations. Also, each student's individual success was compared (a) with the
success of all students (b) within the same representation. The values were calculated by
subtracting the true answer percentages of the students who preferred a representation from
the true answer percentages of all students (a-b) and the results are provided with graphs.

RESULTS
In this section, the results regarding the students’ preferences of the representations of
fraction addition and subtraction were first presented. Then, the success of the students in their

preferences were investigated and compared with the success of all students.

Preferences on Representations
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Table 3 presents the findings as percentages related to representations that the students
preferred in the addition and subtraction of fractions. According to the table, almost half of the
students (42%) preferred area model representations in the addition and subtraction of
fractions. While Numerical representation was the second most preferred representation (27%),
verbal representations were the least preferred representation. However, 15% of the students
did not provide any preference for the representations.

Table 3. Preferences for representations

Representations %
Area model 42
Numerical 27
Number line 12
Verbal 3
Not specified 15
Grand Total 100

Achievement in Preferred Representations

The success of students in the representations they preferred is presented specific to each
representation.

Transition to Other Representations by Students who Preferred Area model Representation

Table 4 shows the percentage of transition to other representations from area model
operations by students who preferred area model representation. The table indicates that the
students who preferred the area model representation in the addition operation (n=25) showed
highest success (76%) in the Numerical representation. Likewise, while the majority of students
were successful in transition from one area model to another, these students were often
unsuccessful in transition to verbal and number line representations in both addition and
subtraction operations. Moreover, contrary to the addition operation, it is interesting that
students who preferred area model representation in subtraction operation were generally less
successful in transition to other representations.

Table 4. Transition to other representations by those who preferred area model representation (%)

Area model Numerical Verbal Number line
True False True False True False True False
Addition 60 40 76 24 20 68 8 84
Subtraction 40 60 12 76 8 60 12 76

Figure 1 is based on sample averages. In Figure 5.2, the point 0 was considered as the
average success of sample. In the figure, success of students in transition to other
representations from the area model representation was compared with the success of entire
sample in transition to other representations from the area model representation. The figure
shows that success of students who preferred area model representation did not generally differ
significantly from the success of sample in this representation. However, success of students
who preferred area model representation in subtraction operation in numerical and number line
representations is well below the success of classroom compared with the success of sample in
transition to these representations (the difference is 35% for numerical and 22% for number
line).
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FIGURE 1. Comparison of success of those who preferred area model representation with other students

Transition to Other Representations by Students who Preferred Numerical Representation

Table 5 shows the percentage of transition to other representations from numerical
operations by students who preferred numerical representation. The table indicates that the
students who preferred numerical representations in the addition of fractions (n= 8) achieved
the same (69%) and higher level of success in area model representation and their own
preferences (numerical). It was observed that students are successful in their preferred type of
representation and area model representation in transition from numerical representation to
others in addition operation with fractions, while they are unsuccessful in transition to verbal
and number line representations relatively with numerical and area model representations.
Also, students who preferred numerical representation were more successful in transition to
number line representation from numerical representation in subtraction of fractions compared
with the addition operation.

Table 5. Transition to other representations by those who preferred numerical representation (%)

Area model Numerical Verbal Number line
True False True False True False True False
Addition 69 31 69 31 19 63 31 56
Subtraction 63 26 50 38 25 44 56 18

In the Figure 2, success of students in transition to other representations from the
numerical representation was compared with the success of sample in transition to other
representations from the numerical representation. The figure shows that students who
generally preferred questions with numerical presentation were more successful in transition
from this representation to others compared with average success of the sample. However,
students who preferred numerical representation were below the success of sample in
subtraction operation in transition to numerical representation and subtraction operation in
verbal representation.
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FIGURE 2. Comparison of success of those who preferred numerical representation with other students

Transition to Other Representations by Students who Preferred Number Line
Representation

Table 6 shows the percentage of transition to other representations from number line
operations by students who preferred number line representation. The table indicates that the
students who prefer number line representation (n=5) are relatively more successful in
transition to area model and numerical representations in addition operations, and more
unsuccessful in transitions to verbal and number line representations. Also, those who preferred
number line representation were more successful in subtraction (29%) than in addition (14%)

operation in their preferred representation.

Table 6. Transition to other representations by those who preferred number line representation (%)

Area model Numerical Verbal Number line

T F T F T F T F
Addition 43 29 43 57 29 43 14 29
Subtraction 29 57 43 57 14 57 29 14

In Figure 3, success of students in transition to other representations from the number
line representation was compared with the success of entire sample in transition to other
representations from the number line representation. The figure shows that students who
preferred number line representation were successful in their preferred representation and
verbal representation. Students who preferred number line representation were below the
success of sample in addition operation in area model representation and numerical

representation.
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FIGURE 3. Comparison of success of those who preferred number line representation with other students

Transition to Other Representations by Students who Preferred Verbal Representation

Table 7 presents the percentage of transition to other representations from verbal
operations by students who preferred verbal representation. The table shows that students
succeeded at 100% (n=3) in transition to numerical representation and area model
representation in addition operation, while all students who preferred verbal representation
failed in transition to number line.

Table 7. Transition to other representations by those who preferred verbal representation (%)

Area model Numerical Number line
T F T F T F
Addition 100 0 100 0 0 100
Subtraction 50 50 50 50 0 100

Figure 4 shows the success of students who preferred verbal representation in transition
to other representations from this representation. Students who preferred verbal
representation were generally more successful than the sample average in transition to area
model representation and numerical representation; but they were below the average success of
sample in transition to number line representation and both addition and subtraction
operations compared with the success of sample in transition to number line representation.
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DISCUSSION and CONCLUSION

This study aimed to determine the representation preferences of sixth grade students in
terms of the addition and subtraction of fractions and to reveal their successes at their
preferences. The study is limited to the data collection tools used and the participants involved
in the study.

According to study findings, the most preferred type of representation is the area model
representation (42%). While numerical representation was the second most preferred
representation, verbal representations were the least preferred representation. On the other
hand, number line and verbal representation were not preferred that much. Herman (2002)
examined the representation preferences of students about functions and students preferred to
use only one representation (numerical) type, although they were allowed to use more than one
representation when solving the problems. Those who only used numerical representation
explained this situation indicating that this representation is covered more in their classes by
their teachers and textbooks and therefore, it is more familiar to them and they find the
numerical representation more "mathematical”. Studies conducted on representations used in
middle school mathematics textbooks indicated that numerical representations are used
significantly, especially in numbers and operations (incikabi, 2016; 2017). Likewise, it is also
evident in the literature that representation preferences of students are influenced by types of
representations used by teachers when teaching (Akkus & Cakiroglu, 2006; Herman, 2002;
Ozgiin-Koca, 2001a; Stylianou, 2010). Another reason for this finding of study would be the fact
that numerical representation enables finding the solution and is suitable for finding solution
with previously known rules (Ozgiin-Koca, 2001b).

Study also indicated that students are more successful in computing with the numerical
and area model representations compared to number line and verbal representations in both
operation types. This situation is in parallel with the different studies that reveal student
achievement towards numerical and model representations (Herman, 2002, Pitts, 2003, Siap
and Duru, 2004). In order overcome these impediments, teachers should provide students with
the opportunity to express themselves in a textual and linguistic way in order to improve their
problem-solving skills in lessons. Again, while the textual questions are being asked, the scenario
part should be cut in half and the students should be asked to complete or the part of the
question root should be left empty, students should be gained expressing fractions. A study
conducted by Kara and Incikabi (2018) also indicates that students encountered various
mistakes especially in constructing number line and verbal models of fraction addition and

2145 I KARA & INCIKABI Sixth Grade Students’ Preferences on Multiple Representations Used in Fraction Operations...



subtraction. For example, students encountered problems while expressing fractions (verbally
or in number line) and performing the operation in number line (incikabi & Kara, 2018). Isik and
Kar (2012), in the study they conducted, have also identified problems such as the inability of
the students to perceive the quantities specified by the numbers in the fraction operations and
the inability to reflect the operation to the root of the question. Student’s weaknesses in
transiting among or to multiple representations of fractions operation signals for their
conceptual understanding of fraction operations (addition and subtraction in our case).
However, it is necessary to develop students’ conceptual understanding in addition to
procedural knowledge. Multiple representations provide significant contributions to the
development of conceptual understanding about any mathematical concept (Ainsworth, 2006;
NCTM, 2000). Hence teachers are required to employ different representations of a concept in
order to support students’ meaningful learning of mathematics (Ainsworth, 2006).

This study was conducted in the form of special case analysis. It is also believed that
qualitative or interventional studies that focus on classroom practices of teachers, preferences of
students for representation and their ability to use representations will support the result of this
study. Also, the tools developed to determine the competencies or skills to use representation
and perceptions or attitudes of students (or teachers) towards representations will contribute to
quantitative and qualitative studies that will be conducted on "multiple representations and
mathematics learning”.
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APPENDIX A
Multiple Representations in Fraction Operations Test

This test consists of 8 questions. There are 3 sub-questions in each question. Please
answer carefully.
Activities

1) Perform the operation given below and answer the questions a, b, c accordingly.

+

a) Perform this operation using numerals.
b) Perform this operation on the number line.
c) Pose a problem related to this operation.

2) Perform the operation given below and answer the questions a, b and ¢ accordingly.

1 3

_ -I- =

4 8
a) Perform this operation on the number line.
b) Perform this operation using an area model.
c) Pose aproblem related to this operation.

3) Perform the operation given below and answer the questions a, b, c accordingly.

a) Perform this operation using numerals.
b) Perform this operation using an area model.
c) Pose a problem related to this operation.

4) "Ezgiread three tenths of her story book first, and then two tenths." So, how many of the
book did Ezgi read?" Express the problem given in this text verbally and solve it, and
answer the questions in a, b, ¢ accordingly.

a) Perform this operation on the number line.

b) Perform this operation using area model representation.
c) Perform this operation using numerals.
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5) Perform the operation given below and answer the questions a, b, c accordingly.

a) Perform this operation using numerals.
b) Perform this operation on the number line.
c) Pose aproblem related to this operation.

6) Perform the operation given below and answer the questions a, b, ¢ accordingly.
51
6 3
a) Perform this operation on the number line.
b) Perform this operation using an area model.
c) Pose a problem related to this operation.

7) Perform the operation given below and answer the questions a, b, c accordingly.

a) Perform this operation using numerals.
b) Perform this operation using an area model.
c) Pose a problem related to this question.

8) "How much more pizza did Ahmet, who ate one half, ate compared to Zeynep, who ate
one fourth of the pizza?" Express the problem given in this text verbally and solve it, and
answer the questions in a, b, c accordingly.

a. Perform this operation on the number line.

b. Perform this operation using an area model.
c. Perform this operation using numerals.
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